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Abstract
For every v ≡ 5 (mod 6) there exists a pairwise balanced design (PBD) of order v with exactly one block of size 5 and the rest
of size 3. We will refer to such a PBD as a PBD(5∗, 3). A ﬂower in a PBD(5∗, 3) is the set of all blocks containing a given point.
If (S, B) is a PBD(5∗, 3) and F is a ﬂower, we will write F ∗ to indicate that F contains the block of size 5.
The intersection problem for PBD(5∗, 3)s is the determination of all pairs (v, k) such that there exists a pair of PBD(5∗, 3)s
(S, B1) and (S, B2) of order v containing the same block b of size 5 such that |(B1\b) ∩ (B2\b)| = k.
The ﬂower intersection problem forPBD(5∗, 3)s is the determination of all pairs (v, k) such that there exists a pair ofPBD(5∗, 3)s
(S, B1) and (S, B2) of order v having a common ﬂower F ∗ such that |(B1\F ∗) ∩ (B2\F ∗)| = k.
In this paper we give a complete solution of both problems.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
A Steiner triple system (or more simply triple system) of order v is a pair (S, T ), where T is a collection of edge
disjoint triangles (or triples) which partitions the edge set of Kv with vertex set S. It is well-known that the spectrum
for triple systems (the set of all v such that a triple system of order v exists) is precisely the set of all v ≡ 1 or 3
(mod 6) [4].
The intersection problem for triple systems is the determination of all pairs (v, k) such that there exists a pair of
triple systems (S, T1) and (S, T2) of order v such that |T1 ∩ T2| = k. In [6] Lindner and Rosa gave a complete solution
of the intersection problem for triple systems.
A variant of the intersection problem for triple systems is the ﬂower intersection problem.A ﬂower in a triple system
is the set of all triples containing a given point. The ﬂower intersection problem for triple systems is the determination
of all pairs (v, k) such that there exists a pair of triple systems (S, T1) and (S, T2) of order v having a common ﬂower
F such that |(T1\F) ∩ (T2\F)| = k. In [3] Hoffman and Lindner gave a complete solution of the ﬂower intersection
problem for triple systems.
A packing of Kv with triples is a triple (S, B,L), where B is a collection of edge disjoint triples of the edge set of Kv
and L is the set of unused edges, called the leave. If |B| is as large as possible, alternatively if |L| is as small as possible,
(S, B,L) is called a maximum packing of Kv with triples. It is well-known (see [5] for example) that a maximum
E-mail address: skucukcifci@ku.edu.tr.
0012-365X/$ - see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2006.11.053
S. Küçükçifçi / Discrete Mathematics 308 (2008) 382–385 383
packing of Kv with triples has leave ∅ if v ≡ 1 or 3 (mod 6) (a Steiner triple system), a 1-factor if v ≡ 0 or 2 (mod 6),
a tripole (a spanning subgraph of odd degree containing (v + 2)/2 edges) if v ≡ 4 (mod 6), and a 4-cycle if v ≡ 5
(mod 6). The intersection problem for maximum packings asks for the set of all pairs (v, k) such that there exists a pair of
maximum packings (S, B1, L) and (S, B2, L) of order v, with the same leave L, such that |B1 ∩B2|=k. The solution of
the intersection problem for Steiner triple systems gives a solution of the intersection problem for maximum packings
(the leave is ∅) for v ≡ 1 or 3 (mod 6). A bit of reﬂection reveals that the ﬂower intersection problem for Steiner triple
systems is equivalent to the intersection problem for maximum packings of Kv with triples when v ≡ 0 or 2 (mod 6).
Hence the solution of the ﬂower intersection problem for triple systems gives a solution of the intersection problem for
maximum packings of Kv with triples when v ≡ 0 or 2 (mod 6). In [8] Gaetano Quattrocchi gave a complete solution
of the intersection problem for maximum packings for v ≡ 4 or 5 (mod 6).
When v ≡ 5 (mod 6) there does not exist a Steiner triple system of order v. However, we can get “very close”. In
particular, for every v ≡ 5 (mod 6) there exists a pairwise balanced design (PBD) of order v with exactly one block of
size 5 and the rest of size 3. We will refer to such a PBD as a PBD(5∗, 3).
The intersection problem for PBD(5∗, 3)s is the determination of all pairs (v, k) such that there exists a pair of
PBD(5∗, 3)s (S, B1) and (S, B2) of order v containing the same block b of size 5 such that |(B1\b) ∩ (B2\b)| = k.
We will denote the set of all such k by I [v].
As with triple systems a ﬂower in a PBD(5∗, 3) is the set of all blocks containing a given point. If (S, B) is a
PBD(5∗, 3) and F is a ﬂower, we will write F ∗ to indicate that F contains the block of size 5. The ﬂower intersection
problem for PBD(5∗, 3)s is the determination of all pairs (v, k) such that there exists a pair of PBD(5∗, 3)s (S, B1)
and (S, B2) of order v having a common ﬂower F ∗ such that |(B1\F ∗) ∩ (B2\F ∗)| = k. We will denote the set of all
such k by I [v]. The object of this paper is to give a complete solution of both problems.
Apart from being of interest in their own right, these solutions can be used to obtainQuattrocchi’s results onmaximum
packings of Kn with triples as a corollary (modulo a few exceptions). (See Section 4.)
2. The intersection problem for PBD(5∗, 3)s
The number of triples in any PBD(5∗, 3) of order v will be denoted by tv = (v2 −v−20)/6. Let J [v]={0, 1, 2, . . . ,
tv − 6, tv − 4, tv}, i.e. the set J [v] contains all nonnegative integers not exceeding tv with the exception of tv − 5, tv −
3, tv − 2, and tv − 1.
It is straightforward to see that I [v] ⊆ J [v]. In what follows we will prove that J [v] ⊆ I [v] for all v with few
exceptions. Trivially, I [5] = {0}.
Lemma 2.1. I [11] = {0, 1, 2, 3, 5, 6, 7, 9, 15}.
Proof. Let (P, B) be a PBD(5∗, 3) of order 11 containing the block b of size 5. Then b induces a 1-factorization of
K6 with vertex set P \b. Hence the intersection problem for PBD(5∗, 3)s of order 11 is equivalent to the intersection
problem for 1-factorizations of K6 (the determination of the set I ′[6] of all k such that there exist two 1-factorizations
(X,G) and (X,H), where G = {Gi |i = 1, 2, . . . , 5}, H = {Hi |i = 1, 2, . . . , 5}, and ∑5i=1|Gi ∩ Hi | = k). Since
I ′[6] = {0, 1, 2, 3, 5, 6, 7, 9, 15} (see [7]), I [11] = {0, 1, 2, 3, 5, 6, 7, 9, 15}. 
The 17 construction: Let X = {1, 2, 3, 4, 5} and set S = {∞1,∞2} ∪ (X × {1, 2, 3}). Let (X, ◦) be any quasigroup
of order 5 such that 1 ◦ 1 = 1, and deﬁne a PBD(5∗, 3) (S, B) as follows:
(1) The block of size 5 is {∞1,∞2, (1, 1), (1, 2), (1, 3)}.
(2) Let ({∞1,∞2}∪X, T ) be any Steiner triple systems such that {∞1,∞2, 1} ∈ T . Put a copy of T \{∞1,∞2, (1, i)}
on {∞1,∞2} ∪ (X × {i}), i = 1, 2, 3, and put these triples in B.
(3) For each i, j ∈ X, except i = j = 1, put the triple {(i, 1), (j, 2), (i ◦ j, 3)} in B. (It is important to note that the
triple {(1, 1), (1, 2), (1, 3)} is not used. So there are 24 type (3) triples.)
Then (S, B) is a PBD(5∗, 3).
Lemma 2.2. I [17] = J [17].
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Proof. Let (S, B1) and (S, B2) be PBD(5∗, 3)s constructed using the 17 Construction.
(1) For each i = 1, 2, 3, use a pair of STSs intersecting in 1 or 7 triples. (This will contribute 0 or 6 triples to B1 ∩B2
for each i = 1, 2, 3.)
(2) Let (X, ◦1) and (X, ◦2) be a pair of quasigroups intersecting in z ∈ {1, 2, 3, . . . , 25}\{20, 22, 23, 24} products
[2]. (Remember that any quasigroup used for type (3) triples must have the property that 1 ◦ 1 = 1.) Since the triple
{(1, 1), (1, 2), (1, 3)} is not used, these quasigroups contribute z − 1 triples to B1 ∩ B2. Trivially, I [17] = {0, 6} +
{0, 6} + {0, 6} + ({0, 1, 2, . . . , 24}\{19, 21, 22, 23}) = {0, 1, 2, . . . , 42}\{37, 39, 40, 41}. 
Now we will give a construction to handle the cases n ≡ 5 (mod 6) 23.
The 6n + 5 Construction: Let 6n + 523, (X,G, T ) a (6n, 6, 3)−GDD, and b a set of size 5. Deﬁne a collection
of blocks B on b ∪ X as follows:
(1) b ∈ B,
(2) For each group g ∈ G, deﬁne a PBD(5∗, 3) of order 11 on b∪ g, where b is the block of size 5, and put the triples
in B.
(3) T ⊆ B.
Then (b ∪ X,B) is a PBD(5∗, 3) of order 6n + 5.
Lemma 2.3. J [v] ⊆ I [v] for all v23.
Proof. Let v = 6n + 5, (b ∪ X,B1) and (b ∪ X,B2) be PBD(5∗, 3)s constructed using the 6n + 5 Construction
from the (6n, 6, 3)−GDDs (X,G, T1) and (X,G, T2), where |T1 ∩ T2| ∈ {0, 1, 2, . . . , 6n(n − 1)}\{6n(n − 1) − 5, 6n
(n − 1) − 3, 6n(n − 1) − 2, 6n(n − 1) − 1} [1].
For each group g ∈ G use a pair of PBD(5∗, 3)s of order 11 intersecting in 0 or 15 triples. Then I [6n + 5] =
n{0, 15} + |T1 ∩ T2| = {0, 1, 2, . . . , 6n2 + 9n}\{6n2 + 9n − 5, 6n2 + 9n − 3, 6n2 + 9n − 2, 6n2 + 9n − 1}. 
Combining Lemmas 2.1–2.3 gives the following theorem.
Theorem 2.4. I [11] = {0, 1, 2, 3, 5, 6, 7, 9, 15} and I [v] = J [v] for all v17.
3. The ﬂower intersection problem for PBD(5∗, 3)s
Since the number of triples in any PBD(5∗, 3) of order v is (v2 − v − 20)/6 and the number of triples in a common
ﬂower centered at a point x, where x is an element of the block of size 5 is (v − 5)/2, the number of common triples
outside of the ﬂower can be atmost (v2−4v−5)/6. Let tv=(v2−4v−5)/6 and let J [v]={0, 1, 2, . . . , tv−6, tv−4, tv},
i.e. the set J [v] contains all nonnegative integers not exceeding tv with the exception of tv − 5, tv − 3, tv − 2, and
tv − 1.
For every v, I [v] ⊆ J [v]. In what follows we will prove that J [v] ⊆ I [v] for all v with a few exceptions. Trivially,
I [5] = {0}.
Lemma 3.1. I [11] = {0, 2, 3, 4, 6, 12}.
Proof. As with the proof of Lemma 2.1 the ﬂower intersection problem is equivalent to the intersection problem of
1-factorizations of K6 with a common 1-factor (the determination of the set I ′′[6] of all k such that there exist two
1-factorizations (S,G) and (S,H), where G = {Gi |i = 1, 2, . . . , 5} and H = {Hi |i = 1, 2, . . . , 5} with G1 = H1 and∑5
i=2|Gi ∩ Hi | = k). In [7] it is shown that I ′′[6] = {0, 2, 3, 4, 6, 12}, so I [11] = {0, 2, 3, 4, 6, 12}. 
Lemma 3.2. I [17] = J [17].
Proof. Let (S, B1) and (S, B2) be PBD(5∗, 3)s constructed using the 17 Construction.
(1) For each i=1, 2, 3, use apair ofSTSshaving the commonﬂower {∞1,∞2, (1, i)}, {∞1, (2, i), (3, i)}, {∞1, (4, i),
(5, i)}, and intersecting in 3 or 7 triples. (This will contribute 0 or 4 triples to B1 ∩ B2 for each i = 1, 2, 3.)
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(2) Let (X, ◦1) and (X, ◦2) be a pair of quasigroups intersecting in z ∈ {1, 2, 3, . . . , 25}\{20, 22, 23, 24} products
as in (3) of Lemma 2.2. (Remember that any quasigroup used for type (3) triples must have the property that 1 ◦ 1= 1.)
Since the triple {(1, 1), (1, 2), (1, 3)} is not used, these quasigroups contribute z − 1 triples to B1 ∩ B2. Then I [17] =
{0, 4} + {0, 4} + {0, 4} + ({0, 1, 2, . . . , 24}\{19, 21, 22, 23}) = {0, 1, 2, . . . , 36}\{31, 33, 34, 35}. 
Lemma 3.3. J [v] = I [v] for all v23.
Proof. Let v = 6n + 5, (b ∪ X,B1) and (b ∪ X,B2) be PBD(5∗, 3)s constructed using the 6n + 5 Construction
from the (6n, n, 3)−GDDs (X,G, T1) and (X,G, T2), where |T1 ∩ T2| ∈ {0, 1, 2, . . . , 6n(n− 1)}\{6n(n− 1)− 5, 6n
(n − 1) − 3, 6n(n − 1) − 2, 6n(n − 1) − 1}.
For each group g ∈ G use a pair of PBD(5∗, 3)s of order 11 in Lemma 3.1 intersecting in 0 or 12 triples. Then
I [6n + 5] = n{0, 12} + |T1 ∩ T2| = {0, 1, 2, . . . , 6n2 + 6n}\{6n2 + 6n − 5, 6n2 + 6n − 3, 6n2 + 6n − 2, 6n2 +
6n − 1}. 
Now combining Lemmas 3.1, 3.2, and 3.3, gives the following theorem.
Theorem 3.4. I [11] = {0, 2, 3, 4, 6, 12} and I [v] = J [v] for all v17.
4. Concluding remarks
The intersection problem for maximum packings of Kv with triples has been solved in a series of papers [3,6,8].
In [8] Quattrocchi gave a complete solution of the intersection problem for maximum packings of Kv with triples for
v ≡ 4 and 5 (mod 6). The solution of the ﬂower intersection problem and the intersection problem for PBD(5∗, 3)s
obtained in this paper gives a complete solution for the intersection problem for maximum packings of Kv with triples
for v ≡ 4 and 5 (mod 6), respectively, as a corollary (modulo a few exceptions).
If v ≡ 5 (mod 6), replace the block of size 5 with 2 triples and a 4-cycle. This gives a solution to the intersection
problem with the two exceptions of 0 and 1 in each case. If v ≡ 4 (mod 6), delete the vertex x of the common ﬂower
and replace b\{x} with a triple and a K1,3 star. This gives a solution to intersection problem with the single exception
of 0 in each case.
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